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We compute the low-energy limit of the O(4)-symmetric quark-meson model as an effective field
theory for Quantum Chromodynamics (QCD) within the Functional Renormalization Group (FRG)
approach. In particular, we analyze the renormalization group flow of momentum-dependent pion
self-interactions beyond the local potential approximation. The numerical results for these couplings
obtained from the FRG are confronted with a recent tree-level study. Additionally, their effect on
the wave-function renormalization factors and the curvature masses is investigated.
PACS numbers: 11.10.Hi, 12.39.Fe
I. INTRODUCTION
The fundamental dynamics of the strong interaction is
described by QCD. In the case of Nf massless quark fla-
vors, the classical Lagrangian of QCD possesses a global
SU(Nf)L × SU(Nf)R × U(1)L × U(1)R flavor symme-
try. Due to an anomaly [1], the U(1)L × U(1)R part of
the symmetry is broken to U(1)V ≡ U(1)L+R, which
corresponds to quark number conservation. We ex-
clude this U(1)V symmetry from the following discus-
sion, since it is trivially fulfilled in models with hadronic
degrees of freedom, like the quark-meson model. For
this work, the relevant flavor symmetry is then given
by SU(Nf )L × SU(Nf )R, the so-called chiral symme-
try, which is further broken both explicitly and sponta-
neously.
The experimentally observed hadrons can be grouped
into the irreducible representations of SU(Nf )V ≡
SU(Nf)L+R, but not into those of SU(Nf)L×SU(Nf )R.
This signals the spontaneous breakdown of chiral symme-
try to its diagonal flavor subgroup SU(Nf )V . An imme-
diate consequence of this symmetry-breaking mechanism
is the occurrence of N2f − 1 (pseudo-)Nambu-Goldstone
bosons (pNGBs). The fact that these bosons are only
very light instead of being massless indicates that the
physical quarks have small finite masses, which break
chiral symmetry explicitly. Throughout the rest of this
work, we restrict ourselves to the case of two dynamical
quark flavors, Nf = 2, where the resulting three pNGBs
are identified with the pion isotriplet ~π.
An important property of QCD is that its coupling αS
becomes large at low energies. This implies that pertur-
bation theory cannot be used to study the low-energy
∗ eser@th.physik.uni-frankfurt.de
† fdivotgey@th.physik.uni-frankfurt.de
‡ mitter@bnl.gov
§ drischke@th.physik.uni-frankfurt.de
regime of this theory. Therefore, one has to use methods
that do not rely on a perturbative expansion in powers of
αS . One such possibility is given by Effective Field The-
ories (EFTs). A crucial guiding principle in the construc-
tion of EFTs for QCD is chiral symmetry, which can ei-
ther be realized in a linear [2–4] or a nonlinear way [5–7].
The latter way of realizing a symmetry results in an EFT
describing the interaction of pNGB fields, i.e., of pions for
Nf = 2, among themselves. There, the pNGBs explicitly
enter the theory as local coordinates parametrizing the
vacuum manifold of the theory.
The most prominent EFT is given by Chiral Pertur-
bation Theory (ChPT) [8, 9], whose connection to the
low-energy regime of QCD has been studied in great de-
tail in Ref. [10]. ChPT is defined by a Lagrangian that
contains all chiral invariants that are obtained from a
systematic expansion in powers of derivatives of the pion
fields. The coupling constants that enter this expansion
are usually referred to as low-energy constants (LECs).
Because this expansion contains arbitrarily high powers
of derivatives of the pion fields, the resulting Lagrangian
is not perturbatively renormalizable. However, the afore-
mentioned expansion can also be understood as a power
series in p/(4πfpi), where p denotes the momentum of the
pion fields and fpi the pion decay constant. This power
series is expected to converge for small enough pion mo-
menta, and all infinities can be absorbed order by order
into the LECs.
As already mentioned before, it is also possible to re-
alize chiral symmetry in a linear way. The resulting
models are referred to as Linear Sigma Models (LSMs)
[11, 12], which incorporate the pNGBs as well as their
chiral partners on the same footing. Various versions of
these models, also with vector and axial-vector mesons
[13, 14], were subject to comprehensive studies over the
last decades. The relation between ChPT and hadronic
models based on a linear realization of chiral symmetry
was studied in Refs. [15–17]. Concerning the low-energy
limit, it was shown that the LECs of the most simple
2version of the LSM, including only the pion fields and
the scalar sigma field σ, do not assume the same values
as for QCD [8].
Recently, the so-called extended Linear Sigma Model
(eLSM) was developed. This model contains all ground-
state quark-antiquark mesons with (pseudo)scalar and
(axial-)vector quantum numbers up to 2 GeV in mass.
The Lagrangian of the eLSM respects all symmetries of
QCD and also reflects their possible breaking patterns.
The eLSM was studied for Nf = 2, 3, 4 in Refs. [18–21].
Baryons were included as well and studied in vacuum [22–
24] and at finite density [25, 26]. From the requirement
of dilatation symmetry and incorporating only positive
semi-definite powers of the dilaton field, it follows that
the eLSM Lagrangian contains only a finite number of
terms. This results in a finite number of coupling con-
stants and parameters, which have been determined in
a global fit to experimentally measured masses and de-
cay widths. It turns out that the eLSM is in remarkably
good agreement with experimental data [20], such as me-
son masses and decay rates in the scalar-isoscalar sector,
the η-η′ mixing angle, as well as branching ratios for a0.
The question whether the low-energy limit of the eLSM
is consistent with that of QCD has been addressed in a
recent tree-level study [27]. It turned out that the tree-
level values of the LECs of the eLSM are in good overall
agreement with the ChPT values. The obvious next step
is then to extend this study in order to check whether
loop contributions to the LECs are negligible or not. In
this paper, we perform a first step in this direction by
computing the loop corrections to the LECs of the O(4)
quark-meson model as a simplified version of the mesonic
eLSM to which we add a Yukawa coupling of mesons to
quark fields. In future work, we will extend this towards
a study of loop corrections to the LECs of the full eLSM.
A framework that naturally generalizes the method
presented in Ref. [27] is given by the Functional Renor-
malization Group (FRG) [28], which has been employed
to consider low-energy effective theories as well as QCD
under various (thermodynamical) aspects, see, for in-
stance, Refs. [29–49]. By applying the FRG technique
in this work, we shed light on the low-energy limit of the
O(4) quark-meson model. More precisely, we compute
loop corrections to the tree-level low-energy couplings of
this model by means of including momentum-dependent
meson vertices into the renormalization-group flow. In a
first approximation (the validity of which will be checked)
we will restrict ourselves to pion self-interactions. Our
study can be viewed as an extension of the work [17]
where, in the local potential approximation (LPA) in-
cluding scale-dependent wave-function renormalization
factors as well as a scale-dependent Yukawa coupling be-
tween mesons and quarks, it was shown that the FRG
approach is able to produce the correct chiral logarithms
in the expressions for the pion decay constant and the
pion mass.
This paper is organized as follows: Sec. II introduces
the concepts and methods that are used throughout this
work. In Sec. II A, we briefly review the O(4) LSM and
summarize its tree-level low-energy limit. After recalling
the basics of the FRG approach in Sec. II B, we derive
the low-energy effective pion action for the O(4) quark-
meson model in Sec. II C. The corresponding FRG flow
equations are presented in the Appendix. Finally, in Sec.
III, we show a comparison of the FRG study and the tree-
level estimate for the low-energy couplings. Our conclu-
sions and an outlook for future investigations are given
in Sec. IV.
II. METHODS
A. O(4) Linear Sigma Model
As mentioned in Sec. I, the eLSM is a hadronic model
that comprises (pseudo)scalar and (axial-)vector mesons.
Assignments of these fields to physical resonances can be
found in Refs. [20, 27].
In the O(4) limit, the mesonic degrees of freedom are
described by the following matrix:
Φ = σt0 + i~π · ~t, (1)
where t0 = 12/2 and ~t = ~τ/2. The vector ~τ denotes the
Pauli matrices. The generators are normalized such that
tr(tatb) = δab/2, a, b = 0, . . . , 3.
Left- and right-handed chiral transformations act lin-
early on the fields (1) according to
Φ
U(2)L×U(2)R−→ ULΦU †R. (2)
The most general globally chirally symmetric Lagrangian
that contains operators of dimension (up to) four and
reproduces the chiral symmetry breaking pattern found
in Nature is given by
LO(4) = tr
{
(∂µΦ)
†
∂µΦ
}
−m20 tr
{
Φ†Φ
}
−λ (tr{Φ†Φ})2 + tr {H (Φ† +Φ)} , (3)
where, assuming exact isospin symmetry, H = hESBt0
and hESB ∼ mu = md. The explicit breaking of chiral
symmetry due to non-vanishing quark masses is modeled
by the term
tr
{
H
(
Φ† +Φ
)}
= hESBσ, (4)
which tilts the potential into the σ-direction. Evaluating
the traces, Eq. (3) becomes
LO(4) =
1
2
(∂µσ)
2 +
1
2
(∂µ~π)
2 − m
2
0
2
(
σ2 + ~π2
)
−λ
4
(
σ2 + ~π2
)2
+ hESBσ. (5)
The spontaneous breaking of chiral symmetry is re-
flected in a non-vanishing vacuum expectation value σ0
3of the σ field. The physical excitations of this field, cor-
responding to the σ meson, are described by performing
a shift in the Lagrangian (5),
σ → σ0 + σ. (6)
From this, one obtains the tree-level masses of the differ-
ent mesons from terms quadratic in the fields,
m2pi = −m20 + λσ20 , (7)
m2σ = −m20 + 3λσ20 . (8)
As presented in Ref. [27], the low-energy limit of the
eLSM can be obtained by successively integrating out all
fields heavier than the pion. It turned out that this cal-
culation can be performed analytically, if one restricts
oneself to tree level. In this way, the low-energy effec-
tive Lagrangian of the eLSM in the O(4) limit, which
assumes the same mathematical structure as ChPT, can
be written as
LO(4),eff =
1
2
(∂µ~π)
2 − 1
2
m2pi~π
2 + C1,O(4)
(
~π2
)2
+C2,O(4) (~π · ∂µ~π)2 + C3,O(4) [(∂µ~π) · ∂µ~π]2
+O(π6, ∂6). (9)
Using the tree-level masses, the parameters λ and m0
can be eliminated from the expressions for the low-energy
couplings of the O(4) LSM,
C1,O(4) =
(m2σ −m2pi)2
8m2σσ
2
0
(
1− m
2
σ
m2σ −m2pi
)
, (10)
C2,O(4) =
(m2σ −m2pi)2
2m4σσ
2
0
, (11)
C3,O(4) =
(m2σ −m2pi)2
2m6σσ
2
0
. (12)
These expressions slightly differ from the ones quoted in
Ref. [27], where the equation of motion for the free pion
field was used to derive the low-energy couplings. Note
that, for further purpose, we have separated the first term
in parentheses in Eq. (10), which arises from integrating
out the σ field, from the second one, which arises from
the four-pion interaction in the tree-level potential.
B. Functional Renormalization Group
The FRG is an implementation of the Wilsonian renor-
malization principle. Changing from one energy scale to
another, the integration of quantum and statistical fluc-
tuations is performed momentum shell by momentum
shell. The renormalization procedure thereby connects
the microscopic interactions at an ultraviolet (UV) cutoff
scale Λ with the macroscopic physics through a sequence
of effective theories.
Specifically, the FRG formulates a quantum field the-
ory in terms of a differential equation. It focuses on the
scale evolution of the effective average action Γk, where
k denotes the infrared (IR) cutoff introduced to the the-
ory by adding a regulator function Rk that acts as a
momentum-dependent mass. The k-dependent Γk inter-
polates between the renormalized classical action S =
Γk→Λ and the full quantum effective action Γ = Γk→0
in the IR limit, where all fluctuations are integrated out.
The effective action Γ is the generating functional of one-
particle irreducible vertex functions, thus containing all
information about the quantum theory.
For the upcoming FRG analysis, we switch to Eu-
clidean space-time with a finite volume V , leading to
a discrete momentum spectrum. Lorentz indices µ =
0, 1, 2, 3 appear as lower indices. Furthermore, space-
time integrations are indicated by a short-hand notation,
∫
V
d4x =
∫
x
. (13)
Finally, we take the limit V → ∞ in all calculations.
The scale dependence of the effective average action is
dictated by the Wetterich equation [28],
∂kΓk =
1
2
tr
[
∂kRk
(
Γ
(2)
k +Rk
)−1]
=
1
2
, (14)
where we used a graphical interpretation of the propaga-
tor and the regulator insertion ∂kRk,
(
Γ
(2)
k +Rk
)−1
= , ∂kRk = . (15)
The second functional derivative of Γk with respect to
the fields, Γ
(2)
k , and the regulator Rk are matrix-valued
in field and momentum space as well as in all internal
spaces, such as Dirac, color, and flavor space. The prop-
agator appearing in Eq. (14) is fully field-dependent and
partially dressed, i.e., it contains all fluctuations with mo-
menta approximately larger than the RG scale k. This
is achieved by the regulator insertion, which is typically
peaked around (squared) momenta of order k2.
An infinite tower of coupled differential equations
arises from Eq. (14): The flow of the effective average
action is coupled to its second functional derivative. The
corresponding equation for Γ
(2)
k , in turn, involves the
third and fourth derivatives and, in general, the scale
evolution of Γ
(n)
k is influenced by derivatives up to order
n+2. To obtain a closed set of differential equations, it is
therefore necessary to truncate this system. For further
details on the FRG approach, we refer to Refs. [50–57].
Based on the discussion of the O(4) LSM in the pre-
vious section, we choose the following ansatz for the Eu-
4clidean effective average action:
Γk =
∫
x
{
Zk
2
(∂µϕ) · ∂µϕ+ Uk (ρ)− hESBσ
+
Y1,k
8
[∂µ (ϕ · ϕ)]2 + Y2,k
8
ϕ2 (∂µϕ) · ∂µϕ
−X1,k
8
[(∂µϕ) · ∂µϕ]2 − X2,k
8
[(∂µϕ) · ∂νϕ]2
−X3,k
8
ϕ · (∂µ∂µϕ) (∂νϕ) · ∂νϕ
−X4,k
8
ϕ2 (∂µ∂νϕ) · ∂µ∂νϕ
−X5,k
8
(ϕ · ∂µ∂µϕ)2 − X6,k
8
ϕ2 (∂µ∂µϕ)
2
+ ψ¯
(
Z ψk γµ∂µ + yΦ5
)
ψ
}
, (16)
with
ρ = ϕ · ϕ = σ2 + ~π2, Φ5 = σt0 + iγ5~π · ~t. (17)
Here, we have introduced the vector ϕ = (σ, ~π) as
well as the scale-dependent constants Zk, Y1,k, Y2,k,
X1,k, . . . , X6,k, and Z
ψ
k . The factors Zk and Z
ψ
k describe
the wave-function renormalization factors for scalars and
fermions, respectively. The effective potential Uk is a
function of the O(4) invariant ρ. The Yukawa coupling
y is assumed to be RG-scale independent [it was shown
in Ref. [17] that this is a valid approximation in order to
produce the chiral logarithms for the pion decay constant
and the pion mass]. The RG-scale invariant parameter
hESB 6= 0 leads to explicit symmetry breaking due to
nonzero quark masses.
By definition, the effective average action (16) is a
functional of the classical fields. In a very common abuse
of notation we do not introduce new symbols for the clas-
sical fields. The physical vacuum expectation value in the
absence of external sources will be denoted as σ0. We will
use this convention throughout the rest of this work.
Within the ansatz (16) we have chosen the following
basis structures to span the full space of terms of order
O(ϕ4, ∂2) and O(ϕ4, ∂4), respectively:
[∂µ (ϕ · ϕ)]2 , ϕ2 (∂µϕ) · ∂µϕ, (18)
[(∂µϕ) · ∂µϕ]2 , [(∂µϕ) · ∂νϕ]2 ,
ϕ · (∂µ∂µϕ) (∂νϕ) · ∂νϕ, ϕ2 (∂µ∂νϕ) · ∂µ∂νϕ,
(ϕ · ∂µ∂µϕ)2 , ϕ2 (∂µ∂µϕ)2 . (19)
Moreover, we include quark fluctuations into the FRG
flow, which are not included in the analysis in Ref. [27].
Thus we extend the O(4) LSM from Sec. II A to the O(4)
quark-meson model. However, these fermionic fluctua-
tions do not affect the tree-level low-energy couplings in
Eqs. (10) – (12).
From the general truncation (16) we obtain the specific
ansatz
Γk =
∫
x
{
Z σk
2
(∂µσ) ∂µσ +
Z pik
2
(∂µ~π) · ∂µ~π
+Uk(ρ)− hESBσ
+C2,k (~π · ∂µ~π)2 + Z2,k ~π2 (∂µ~π) · ∂µ~π
−C3,k [(∂µ~π) · ∂µ~π]2 − C4,k [(∂µ~π) · ∂ν~π]2
−C5,k ~π · (∂µ∂µ~π) (∂ν~π) · ∂ν~π
−C6,k ~π2 (∂µ∂ν~π) · ∂µ∂ν~π
−C7,k (~π · ∂µ∂µ~π)2 − C8,k ~π2 (∂µ∂µ~π)2
+ ψ¯
(
Z ψk γµ∂µ + yΦ5
)
ψ
}
. (20)
Here, we have made the assignments
Z pik = Zk +
Y2,k
4
σ20 , Z
σ
k = Zk + Y1,kσ
2
0 +
Y2,k
4
σ20 ,
C1,k = −λk
4
, C2,k =
1
2
Y1,k, Z2,k =
1
8
Y2,k,
C3,k =
1
8
X1,k, C4,k =
1
8
X2,k, C5,k =
1
8
X3,k,
C6,k =
1
8
X4,k, C7,k =
1
8
X5,k, C8,k =
1
8
X6,k. (21)
Note that we only extracted pure pion vertices from
the higher couplings Y1,k, Y2,k, and X1,k, . . . , X6,k. This
is motivated by the fact that we want to keep track of
the RG-scale evolution of exactly the same expressions
that were produced in the tree-level approach, cf. Eq.
(9). The terms ∼ Z2,k and ∼ C4,k, . . . , C8,k complete the
structures from Eq. (9) to a full basis set, in accordance
with Eqs. (18) and (19). This allows us to unambiguously
project the momentum-dependent four-pion vertex onto
these structures. All other terms proportional to Y1,k,
Y2,k or X1,k, . . . , X6,k (i.e., momentum-dependent sigma
vertices and mixed sigma-pion vertices) are neglected.
This corresponds to an approximation to the fully O(4)-
symmetric ansatz (16) based on the expectation that the
nontrivial RG running of the higher-derivative couplings
will only set in roughly below the mass threshold of the
σ field, i.e., that the latter will not significantly influence
the flow in the IR. Furthermore, the respective wave-
function renormalization factors for the σ and the π fields
within this approximation, cf. the first line in Eq. (21),
will split as soon as σ0 assumes a nonzero value. The
momentum-independent four-pion interaction C1,k(~π
2)2
is part of Uk and, thus, not explicitly shown. We identify
C1,k with a RG-scale dependent version of the quartic
coupling λ, cf. Eq. (21).
Equation (16) corresponds to a derivative expansion.
Setting the factors Zk and Z
ψ
k to one as well as Y1,k, Y2,k,
and X1,k, . . . , X6,k to zero, we obtain its leading order,
the LPA. In this case, the effective potential Uk is the
only k-dependent term. Going one step further, by taking
the running of the wave-function renormalization factors
Zk and Z
ψ
k into account, the truncation is called LPA’.
A general field and/or momentum dependence of Zk and
Z ψk is suppressed. Hence, Eq. (20) can be understood
5as a combination of the LPA’ with the higher couplings
C2,k, Z2,k, and C3,k, . . . , C8,k.
We define the renormalized fields and couplings as
σ˜ =
√
Z σk σ, ~˜π =
√
Z pik ~π,
ψ˜ =
√
Z ψk ψ,
˜¯ψ =
√
Z ψk ψ¯, h˜ESB =
hESB√
Z σk
,
C˜1,k =
C1,k
(Z pik )
2
, C˜2,k =
C2,k
(Z pik )
2
, Z˜2,k =
Z2,k
(Z pik )
2
,
C˜3,k =
C3,k
(Z pik )
2
, C˜4,k =
C4,k
(Z pik )
2
, C˜5,k =
C5,k
(Z pik )
2
,
C˜6,k =
C6,k
(Z pik )
2
, C˜7,k =
C7,k
(Z pik )
2
, C˜8,k =
C8,k
(Z pik )
2
,
y˜σ =
y
Z ψk
√
Z σk
, y˜pi =
y
Z ψk
√
Z pik
. (22)
With these definitions, Eq. (20) can be written as
Γk =
∫
x
{
1
2
(∂µσ˜) ∂µσ˜ +
1
2
(
∂µ~˜π
)
· ∂µ~˜π
+ U˜k − h˜ESBσ˜
+ C˜2,k
(
~˜π · ∂µ~˜π
)2
+ Z˜2,k ~˜π
2
(
∂µ~˜π
)
· ∂µ~˜π
− C˜3,k
[(
∂µ~˜π
)
· ∂µ~˜π
]2
− C˜4,k
[(
∂µ~˜π
)
· ∂ν~˜π
]2
− C˜5,k ~˜π ·
(
∂µ∂µ~˜π
)(
∂ν~˜π
)
· ∂ν~˜π
− C˜6,k ~˜π2
(
∂µ∂ν~˜π
)
· ∂µ∂ν~˜π
− C˜7,k
(
~˜π · ∂µ∂µ~˜π
)2
− C˜8,k ~˜π2
(
∂µ∂µ~˜π
)2
+ ˜¯ψ
(
γµ∂µ + y˜
σσ˜t0 + y˜
piiγ5~˜π · ~t
)
ψ˜
}
. (23)
The fields and couplings in the effective potential also
change accordingly, Uk → U˜k. In the IR limit, k → 0,
the fully renormalized expressions represent “measur-
able” quantities.
In this truncation, the partially conserved axial current
(PCAC) relation is given by
J Aµ,i =
√
Z pik
Z σk
σ˜0 ∂µπ˜i + . . . = fpi∂µπ˜i, (24)
where J Aµ,i denotes the axial-vector current and
σ˜0 =
√
Z σk σ0 (25)
denotes the renormalized vacuum expectation value. It
is related to the pion decay constant via
σ˜0 = fpi
√
Z σk
Z pik
. (26)
For a careful derivation of the PCAC relations in Eqs.
(24) and (26) see Appendix A.
The flow equations for the scale evolution of the trun-
cation (20) of the O(4) quark-meson model are rather
lengthy and thus deferred to Appendix B.
C. Effective pion action
Following the strategy of Ref. [27], we analytically in-
tegrate out the heavier σ˜ field to estimate the modified
tree-level contribution to the low-energy couplings. This
means that we have to reduce the effective action in Eq.
(23),
Γk = Γk
[
σ˜, ~˜π, ˜¯ψ, ψ˜
]
, (27)
to a theory solely consisting of pions,
Γk = Γk
[
~˜π
]
. (28)
To this end, the quark fields are dropped in Γk as they
do not influence the tree-level low-energy couplings. Af-
terwards, we eliminate the σ˜ field in the IR by exploiting
the quantum equation of motion,
δΓ
δσ˜
= 0. (29)
Using the minimum condition
∂U˜k
∂σ˜
= h˜ESB, (30)
the potential is assumed to take the form
U˜k =
1
2
M2σ,kσ˜
2 +
1
2
M2pi,k~˜π
2 +
λ˜1,k
4
σ˜4 + λ˜1,kσ˜0σ˜
3
+
λ˜2,k
4
(
~˜π2
)2
+
λ˜3,k
2
σ˜2~˜π2 + λ˜3,kσ˜0σ˜~˜π
2, (31)
with
λ˜1,k =
λk
(Z σk )
2
, λ˜2,k =
λk
(Z pik )
2
, λ˜3,k =
λk
Z σk Z
pi
k
. (32)
This assumption is motivated by the tree-level approach
presented in Ref. [27], where the authors restricted them-
selves to a potential of the form (5). The renormalized
masses are defined as
M2σ,k =
m2σ,k
Z σk
, M2pi,k =
m2pi,k
Z pik
, M2ψ,k =
m2ψ,k
(Z ψk )
2
. (33)
At tree level, only the last interaction term in Eq. (31)
contributes to the equation of motion (29) of the σ˜ field,
(
∂µ∂µ −M2σ,k
)
σ˜ = λ˜3,kσ˜0~˜π
2. (34)
Solving this equation for σ˜, we find
σ˜ = − λ˜3,kσ˜0
M2σ,k
[
1 +
∂µ∂µ
M2σ,k
+
(∂µ∂µ)
2
M4σ,k
+O (∂6)
]
~˜π 2. (35)
6Using this relation, we finally arrive at
Γk =
∫
x
{
1
2
(
∂µ~˜π
)
· ∂µ~˜π + 1
2
M2pi,k~˜π
2 − C˜total1,k
(
~˜π2
)2
+ C˜total2,k
(
~˜π · ∂µ~˜π
)2
+ Z˜total2,k ~˜π
2
(
∂µ~˜π
)
· ∂µ~˜π
− C˜total3,k
[(
∂µ~˜π
)
· ∂µ~˜π
]2
− C˜total4,k
[(
∂µ~˜π
)
· ∂ν~˜π
]2
− C˜total5,k ~˜π ·
(
∂µ∂µ~˜π
)(
∂ν ~˜π
)
· ∂ν ~˜π
− C˜total6,k ~˜π2
(
∂µ∂ν ~˜π
)
· ∂µ∂ν ~˜π
− C˜total7,k
(
~˜π · ∂µ∂µ~˜π
)2
− C˜total8,k ~˜π2
(
∂µ∂µ~˜π
)2}
. (36)
The low-energy couplings C˜totali,k with i ∈ {1, . . . , 8} and
Z˜total2,k are given by
C˜totali,k = C˜
tree
i,k + C˜i,k, (37)
Z˜total2,k = Z˜
tree
2,k + Z˜2,k, (38)
where
C˜tree1,k =
(Z σk M
2
σ,k − Z pik M2pi,k)2
8(Z pik )
2M2σ,kσ˜
2
0
, (39)
C˜tree2,k =
(Z σk M
2
σ,k − Z pik M2pi,k)2
2(Z pik )
2M4σ,kσ˜
2
0
, (40)
C˜tree3,k =
(Z σk M
2
σ,k − Z pik M2pi,k)2
2(Z pik )
2M6σ,kσ˜
2
0
, (41)
C˜tree5,k =
(Z σk M
2
σ,k − Z pik M2pi,k)2
(Z pik )
2M6σ,kσ˜
2
0
, (42)
C˜tree7,k =
(Z σk M
2
σ,k − Z pik M2pi,k)2
2(Z pik )
2M6σ,kσ˜
2
0
, (43)
Z˜tree2,k = C˜
tree
4,k = C˜
tree
6,k = C˜
tree
8,k = 0. (44)
The superscript “tree” indicates that these loop-
corrected contributions to the low-energy couplings,
apart from those explicitly written down in the trun-
cation (20), are generated by the elimination of the σ˜
field. As pointed out, this is done in close analogy to the
tree-level calculation of Ref. [27].
Neglecting the flow of the wave-function renormal-
ization factors and the scale dependence of the meson
masses during the integration process,
Z σk = Z
pi
k = 1, σ˜0 → σ0,
M2σ,k → m2σ, M2pi,k → m2pi, (45)
we reproduce the tree-level low-energy couplings of the
O(4) LSM in Eqs. (10) – (12). Note that, since Eq. (39)
was obtained by integrating out the σ˜ field at tree-level,
we only obtain the first term in parentheses in Eq. (10),
Table I. UV parameters (Λ = 500 MeV).
Parameter m0 λ hESB y
Value 500 MeV 1.5 2.2 × 106 MeV3 9.0
while the second term in that equation corresponds to
the fifth term on the right-hand side of Eq. (31).
Instead of using the equation of motion for the σ˜ field
to derive the purely pionic theory, one could have arrived
at the same result by adding all diagrams that are one-
particle reducible with respect to σ˜-meson lines to the
one-particle irreducible pion amplitudes. Obviously, this
also applies to the previous result, Eqs. (10) – (12), as a
special case.
III. RESULTS
The FRG flow equations for the effective potential,
the wave-function renormalization factors, and the higher
derivative couplings constitute a set of coupled partial
differential equations. The effective potential is numer-
ically solved using a grid in σ2, whereas the other cou-
plings are evaluated at the IR minimum σ0,kIR ≡ σ0.
We choose Λ = 500 MeV as UV cutoff. Recent inves-
tigations [42, 43, 49], which are based on the dynamical
hadronization technique [53, 58–60], indicate that the ac-
tual range of validity of NJL-like models like the quark-
meson model is closer to Λ = 300 MeV. However, we also
want to capture quark dynamics beyond the confinement
scale ΛQCD ≃ 200 MeV, which is also the reasoning be-
hind choosing cutoff scales as large as 1 GeV, see, e.g.,
Refs. [34, 38, 39, 42].
From a technical point of view, the inclusion of quarks
is advantageous in the sense that, analogously to QCD, it
allows us to start the FRG flow in an approximately sym-
metric regime. The fermionic fluctuations in Eq. (14) will
drive σ0,k to larger nonzero values, similar to the NJL-
model mechanism of chiral symmetry breaking, which
captures the low-energy dynamics of QCD [42, 43, 49].
The effective potential is then initialized as follows:
UΛ
(
σ2
)
=
m20,Λ
2
σ2 +
λΛ
4
σ4. (46)
The parameters m0,Λ and λΛ are tuned such that the IR
curvature masses and the pion decay constant are con-
sistent with experimental data [61]. The concrete pa-
rameters m0,Λ and λΛ that we used to produce the nu-
merical results of this section are summarized in Tab.
I. The wave-function renormalization factors start at a
value of one in the UV, while the higher couplings C2,k,
Z2,k, and C3,k, . . . , C8,k are initialized as zero. They are
only generated during the integration process. From the
scale-dependent minimum σ0,k of the effective potential
7we obtain the squared meson and quark masses,
m2σ,k = 2U
′
k(σ
2
0,k) + 4σ
2
0,kU
′′
k (σ
2
0,k), (47)
m2pi,k = 2U
′
k(σ
2
0,k), (48)
m2ψ,k =
y2
4
σ20,k. (49)
Already at this stage of the analysis we are able to
make a general statement about the investigated the-
ory: In the symmetric phase, meaning σ0,k = 0, the
masses of the σ field and the pions are degenerate and
the quark mass vanishes. In the presence of explicit sym-
metry breaking, hESB 6= 0, this can at best be achieved
approximately and σ0,k can only serve as an approximate
order parameter for possible phase transitions.
In Fig. 1 we plot the renormalized masses and the vac-
uum expectation value as a function of the IR scale k.
As already stated in the last paragraph, σ0,k is close to
Figure 1. Scale evolution of the renormalized meson and
quark masses and the pion decay constant; kIR = 7 MeV.
zero for high energies (k → Λ) and, consequently, so is
the quark mass Mψ,k. In the same region, the masses
of the σ and the pions are almost identical, as expected.
With a mass of around 500 MeV they are effectively sep-
arated from the FRG flow, which is dominated by the
light current quarks.
For a lower scale k, roughly between 400 and 450 MeV,
the system undergoes a crossover transition to the spon-
taneously broken phase, where the minimum of the effec-
tive potential is shifted towards higher values. At a scale
of k ≃ 460 MeV, the splitting of the meson masses sets
in and becomes increasingly stronger for decreasing k.
In the low-energy regime at k = 150 MeV and below,
the pion and the quark masses as well as σ0,k settle at
their IR values. For the σ mass a scale dependence per-
sists until k < 50 MeV.
We stopped the FRG flow at k = 7 MeV, an arbitrar-
ily chosen scale close to zero (approximately 1% of the
UV cutoff) at which all k-dependent quantities become
constant. At this point, the pions have a mass of 139.3
MeV, the σ field has a mass of 450.1 MeV, and the quarks
acquire a constituent mass of 308.5 MeV. As required by
the PCAC relations (24) and (26), σ0,k
√
Z pik assumes a
value of 93.4 MeV in the IR.
To get an impression about the correction from un-
renormalized to renormalized quantities, e.g. mσ,k →
Mσ,k, we show the scale dependence of Z
σ
k , Z
pi
k , and
Z ψk in Fig. 2. Apparently, the overall change of Z
σ
k and
Figure 2. Scale evolution of the wave-function renormaliza-
tion factors Z σk , Z
pi
k , and Z
ψ
k ; kIR = 7 MeV.
Z pik is larger compared to the one of Z
ψ
k . The former
two already split at small σ0,k according to the evalu-
ation of their flow equations at the IR minimum. The
IR values of Z σk and Z
pi
k are 1.34 and 1.47, respectively,
while that of Z ψk is 1.12. This means that the meson
masses are renormalized by factors of 1/
√
1.34 ≃ 0.75
and 1/
√
1.47 ≃ 0.68, respectively, while the quark mass
is renormalized by a factor of 1/1.12 ≃ 0.89. Multiplying
σ0,k = 76.9 MeV with the factor
√
Z pik yields the desired
value of fpi, as mentioned above.
Figure 3 shows the scale dependence of the momentum-
independent four-pion coupling C˜1,k. It is initialized with
a value of −λΛ/4 = −0.3750 at the UV cutoff (cf. Tab.
I) and flows to its IR value of −2.3550.
Figure 3. Scale evolution of the renormalized coupling C˜1,k;
kIR = 7 MeV.
Figure 4 presents the scale evolution of the derivative
couplings C˜2,k and Z˜2,k. Starting from an initial value
of zero in the UV, these couplings are highly sensitive
8Figure 4. Scale evolution of the renormalized couplings C˜2,k
and Z˜2,k; kIR = 7 MeV.
to changes of the renormalization scale k in the region
between 450 and 500 MeV. The respective curves are
especially steep for k → Λ. This is a clear indication
that the chosen cutoff scale is actually too low for the
determination of these couplings. Unfortunately, larger
cutoffs would exceed the range of validity of the quark-
meson model as a low-energy effective theory. The fixed
point-like behavior of C˜2,k and Z˜2,k below k = 250 MeV,
however, can be seen as an indication for a rather mild
dependence of the IR values on their initial UV values.
Nevertheless, a direct calculation from QCD along the
lines of Refs. [42, 43, 49] would be preferable for their
determination.
In contrast, the evolution of C˜3,k, . . . , C˜8,k appears to
be much flatter in the high-energy region near the UV
cutoff, cf. Fig. 5. C˜3,k, . . . , C˜8,k substantially grow or
Figure 5. Scale evolution of the renormalized couplings C˜3,k
to C˜8,k; kIR = 7 MeV.
shrink only below 250 MeV. Thus, adding to the discus-
sion above, in this case assuming a starting value of zero
at the UV scale seems reasonable. Figure 5 verifies our
expectation that the nontrivial running of the low-energy
couplings of order O(∂4) with respect to the RG scale k
only sets in approximately below the mass threshold of
the σ field (≃ 400 MeV).
In the IR limit, all momentum-dependent pion self-
interactions differ from the unrenormalized couplings by
a factor of 1/(Z pik )
2 = 0.46. The exact IR values of
Figs. 3, 4, and 5 are listed in the column “trunc” in
Tab. II. The modified tree-level contributions C˜treei,k
Table II. Low-energy couplings (fpi = 93 MeV).
a
FRG
Coupling Tree level tree trunc total
C1 −0.2514 2.1063 −2.3550 −0.2487
C2 [1/f
2
pi ] 0.4054 0.3598 −0.0426 0.3172
Z2 [1/f
2
pi ] – – −0.2068 −0.2068
C3 [1/f
4
pi ]× 10
2 1.7311 1.5364 3.3946 4.9310
C4 [1/f
4
pi ]× 10
2 – – 1.3752 1.3752
C5 [1/f
4
pi ]× 10
2 3.4621 3.0728 5.8294 8.9023
C6 [1/f
4
pi ]× 10
2 – – −2.2697 −2.2697
C7 [1/f
4
pi ]× 10
2 1.7311 1.5364 0.8439 2.3804
C8 [1/f
4
pi ]× 10
2 – – 1.1828 1.1828
a The values in the last three columns correspond to the
renormalized couplings in the IR limit.
with i ∈ {1, . . . , 8} and Z˜tree2,k from Eqs. (39) – (44)
are collected in the column “tree”. Their sums C˜totali,k ,
i ∈ {1, . . . , 8} and Z˜total2,k are listed in the last column.
For the sake of providing a complete overview, Tab.
II also contains (in column two) the numerical tree-level
couplings C1,O(4), C2,O(4), and C3,O(4) from Eqs. (10),
(11), and (12), as well as C5,O(4) and C7,O(4). In contrast
to Ref. [27], the latter two are also generated within the
chosen basis set (18) and (19). Z2, C4, C6, and C8 vanish
at tree-level. All tree-level results are produced by taking
the masses and the vacuum expectation value in the IR
as input, i.e., mσ = 450.1 MeV, mpi = 139.3 MeV, and
σ0 = 93.4 MeV.
The tree-level estimate for C1 ≃ −0.2514 is a good ap-
proximation. The loop-corrected coupling C˜total1,k is only
by 1.1 percent larger. The large difference between the
entries in the “Tree level” and “tree” columns for C1
arises from the fact that the “Tree level” value contains
both the contribution from integrating out the σ field as
well as that from the four-pion interaction in the poten-
tial. On the other hand, in the case of the FRG calcula-
tion the “tree” value only contains the contribution from
integrating out the σ˜ field, while the “trunc” value arises
from the potential U˜k.
For the couplings of order O(∂2) and O(∂4), we no-
tice that the tree-level contributions slightly decrease on
account of the correction from the wave-function renor-
malization factors (second column compared to the third
one). For C2 we find a negative value in the column
“trunc”, but all other values in the same row are pos-
itive. The total FRG results differ from the tree-level
estimates by a factor of 0.78, 2.85, 2.57, and 1.38 for C2,
C3, C5, and C7, respectively. Hence, the corrections due
9to loop contributions are smallest for the momentum-
independent C1 coupling.
Figure 6 visualizes Tab. II in terms of a bar plot. In
subfigures (a), (b), (d), and (h), both results are of the
same order of magnitude (∼ 10−1 for C1, ∼ 10−5 MeV−2
for C2, and ∼ 10−10 MeV−4 for C3, C7), but this does
not hold for C5 in subfigure (f).
As the last point in this study, the amount of feedback
of the scale evolution of C2,k, Z2,k, and C3,k, . . . , C8,k
onto the masses and the wave-function renormalization
is assessed by comparing the presented results to the
LPA’ flow. The latter is initialized with the same UV
parameters as in Tab. I. Here, the higher-derivative cou-
plings remain zero for all k. Within the LPA’ trunca-
tion, the qualitative behavior of the observables in Fig.
1 is reproduced, cf. Fig. 7. The IR values (compared to
the truncation beyond LPA’ including the higher cou-
plings) are found to be: Mσ,k = 451.5 (450.1) MeV,
Mpi,k = 136.1 (139.3) MeV, Mψ,k = 309.4 (308.5) MeV,
and σ0,k
√
Z pik = 95.7 (93.4) MeV.
At the same time, Fig. 8 reveals a significant change in
the evolution of Z pik within the LPA’, whereas Z
σ
k and Z
ψ
k
are only slightly affected: Z pik = 1.54 (1.47), Z
σ
k = 1.34
(1.34), and Z ψk = 1.12 (1.12) at kIR = 20 MeV. The rea-
son for this comparatively large interference of the flow
of Z pik with that of C2,k, Z2,k, and C3,k, . . . , C8,k is im-
mediately deduced from Eqs. (B12) – (B14) in Appendix
B: The flow of Z pik solely involves a four-point pion ver-
tex, which we do not find on the right-hand sides of Eqs.
(B12) and (B14). This leads to a direct coupling of the
pion wave-function renormalization to the momentum-
dependent pion self-interactions. The other factors Z σk
and Z ψk are only indirectly coupled.
IV. SUMMARY AND OUTLOOK
In this work, we have computed the low-energy limit of
the O(4)-symmetric quark-meson model as a limit of the
eLSM. In particular, we calculated quantum corrections
to the momentum-dependent four-pion interactions. As
discussed in Secs. II B and III neglecting σ-dependent
derivative interactions within the fully O(4)-symmetric
model corresponds to an approximation validated by the
results shown in Fig. 5.
We applied the FRG approach and compared the ob-
tained results to a tree-level estimate. In the latter ap-
proximation, contributions to these pion self-interactions
partly arise from a mapping of the low-energy effective
action of the eLSM onto the one of ChPT, see Ref. [27].
We extended these contributions to a full set of basis
structures for the orders O(∂2) and O(∂4).
The quantum corrections are due to the exchange of
the quark as well as the meson degrees of freedom of
the quark-meson model as the low-energy effective the-
ory of QCD. They have been calculated in the nonpertur-
bative FRG approach, where the higher-derivative cou-
plings have been treated as additional terms in a trunca-
tion beyond the well-known LPA’ approximation of the
quark-meson model.
We found that the overall order of magnitude of C1,
C2, C3, and C7 is already set by their tree-level estimates,
cf. Fig. 6. The loop-corrected values of C1, C2, and C7
only differ by factors of 0.99, 0.78, and 1.38 from the
tree-level estimates. However, the remaining couplings
Z2, C4, C5, C6, and C8 seem to be dominated by the
loop corrections that we obtained from the FRG.
We also found a qualitative difference in the origin of
the quantum contributions to C2 and Z2 on the one hand
and C3, . . . , C8 on the other hand. Whereas the former
already receive large contributions at the initial cutoff,
which are dominated by quark fluctuations, the quantum
corrections to the latter are created at low RG scales, i.e.,
the regime that is governed by pion fluctuations. These
findings encourage a study within full QCD along the
lines of Refs. [42, 43, 49] to determine the low-energy
couplings, in particular C2 and Z2, from first-principles
QCD.
On a more technical level it was demonstrated that,
although the wave-function renormalization of the pion
field significantly shrinks when we extend the LPA’ by
the higher couplings C2,k, Z2,k, and C3,k, . . . , C8,k, the
k-dependent meson and quark masses are rather robust
against such an extension of the truncation.
It needs to be clarified how the behavior of C2 and
Z2, as well as C3, . . . , C8 would change if we con-
sider the fully O(4)-symmetric scenario, i.e., including
momentum-dependent σ self-interactions and σπ cou-
plings. Such a study is, however, beyond the scope of
the present work. Moreover, in principle one has to
check whether these results are reproducible under vari-
ations or extensions of the regulators (B6) – (B8), as
studied in Ref. [62], and the truncation (20). Espe-
cially, the last point would be interesting in the context
of the running of the low-energy couplings. In addition,
it would be important to allow for a scale-dependence of
the Yukawa coupling, because it is closely related to the
quark mass and the pion decay constant. All of these
points will be addressed in a future investigation that in-
corporates also effects from full QCD [49], where the dy-
namical hadronization technique has been applied to de-
scribe quark-antiquark bound states as mesonic degrees
of freedom.
Finally, as repeatedly mentioned, the O(4) quark-
meson model is only the specific limit of the eLSM where
(axial-)vector mesons are neglected. Nevertheless, the
ultimate goal of subsequent studies remains a compari-
son of the LECs of the full eLSM to those of ChPT. It
might be therefore necessary to extend the ansatz (16)
to the full effective action of the eLSM and, furthermore,
to translate the presented projection of the momentum-
dependence of the four-pion vertex to the basis that nat-
urally arises within the chiral expansion of ChPT.
Another important check would be to analyze the pion-
mass dependence of the low-energy couplings produced
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Figure 6. Comparison of the low-energy couplings C1, . . . , C8, and Z2 obtained from the tree-level estimate and the FRG
calculation. The contributions to the different couplings are given in separate subfigures (a) – (i). The order in the derivative
expansion is summarized in the lower right corner. The bar heights correspond to the numerical values quoted in Tab. II. The
k-dependent quantities are evaluated at kIR = 7 MeV.
Figure 7. Scale evolution of the renormalized meson and
quark masses within the LPA’ truncation. The dashed lines
show the related results from Fig. 1; kIR = 20 MeV.
within the FRG, thus extending the work of Ref. [17]
to higher-derivative couplings. This would constitute a
nontrivial confirmation that the correct IR behavior is re-
spected by the truncation introduced in this work, which
corresponds to a partial resummation of loop diagrams.
Figure 8. Scale evolution of the wave-function renormal-
ization factors Z σk , Z
pi
k , and Z
ψ
k within the LPA’ trunca-
tion. The dashed lines show the related results from Fig.
2; kIR = 20 MeV.
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Appendix A: PCAC
In this Appendix we present further details on the
PCAC relation used in Eq. (24). First, we consider the
behavior of the quark fields under infinitesimal SU(2)A
transformations,
ψ → Uψ = ψ − iαA,aγ5taψ = ψ + δψ, (A1)
ψ¯ → ψ¯U = ψ¯ − iψ¯αA,aγ5ta = ψ¯ + δψ¯, (A2)
with U ∈ SU(2)A,
U = exp (−iαA,aγ5ta) , a = 1, 2, 3. (A3)
From the Yukawa interaction in Eq. (20), we deduce the
transformation behavior of Φ5,
Φ5 → Φ5 + iαA,aγ5ta (σ + σ0)− αA,aπat0. (A4)
As a consequence, we find
δσ = −αA,aπa, δπa = αA,a (σ + σ0) . (A5)
In terms of renormalized fields, these transformations
read
δψ˜ = −iαA,aγ5taψ˜, (A6)
δ ˜¯ψ = −i ˜¯ψαA,aγ5ta, (A7)
δσ˜ = −√Z σk αA,a π˜a√Z pik , (A8)
δπ˜a =
√
Z pik
Z σk
αA,a (σ˜ + σ˜0) . (A9)
The axial-vector current in Minkowski space is then given
by (gµν denotes the metric tensor)
JAµ,a = ˜¯ψγµγ5taψ˜ − (∂ν σ˜)
√
Z σk
Z pik
(
π˜ag
ν
µ
−Z
pi
k
Z σk
{
C˜5,k
[(
∂ρ~˜π
)
· ∂ρ~˜π
]
π˜ag
ν
µ
+2 C˜6,k ~˜π
2∂µ∂
ν π˜a
+2 C˜7,k
(
~˜π · ∂ρ∂ρ~˜π
)
π˜ag
ν
µ
+2 C˜8,k ~˜π
2∂ρ∂
ρπ˜ag
ν
µ
})
+
√
Z pik
Z σk
(σ˜ + σ˜0)
×
{
∂µπ˜a + 2 C˜2,k
(
~˜π · ∂µ~˜π
)
π˜a + 2 Z˜2,k ~˜π
2∂µπ˜a
+
(
4 C˜3,k − C˜5,k
)(
∂ν ~˜π
)2
∂µπ˜a
+4 C˜4,k
[(
∂µ~˜π
)
· ∂ν ~˜π
]
∂ν π˜a
+2
(
C˜5,k − C˜7,k
)(
~˜π · ∂ν∂ν~˜π
)
∂µπ˜a
− 2 C˜5,k
[(
∂µ∂ν ~˜π
)
· ∂ν~˜π
]
π˜a
− 4 C˜6,k
(
~˜π · ∂ν~˜π
)
∂µ∂
ν π˜a
− 2
(
C˜6,k + C˜8,k
)
~˜π2∂µ∂ν∂
ν π˜a
− 2 C˜7,k
[(
∂µ~˜π
)
· ∂ν∂ν~˜π
]
π˜a
− 2 C˜7,k
(
~˜π · ∂µ∂ν∂ν~˜π
)
π˜a
− 4 C˜8,k
(
~˜π · ∂µ~˜π
)
∂ν∂
ν π˜a
}
. (A10)
Appendix B: Flow equations
We derive the flow equations for all scale-dependent
parts on the right-hand side of Eq. (20) from Eq. (14)
and functional derivatives thereof. To this end, we partly
transform the effective average action (20) into momen-
tum space,
Γk = V
∑
q
[
Z σk
2
q2σ(−q)σ(q) + Z
pi
k
2
q2~π(−q) · ~π(q)
+ ψ¯(q)
(
−iZ ψk γµqµ
)
ψ(q)
]
+
∫
x
[Uk(ρ)− hESBσ]
−V
∑
q1,q2,q3
{
C2,k q1,µq3,µ + Z2,k q2,µq3,µ
−C3,k (q1 + q2 + q3)µq1,µ q2,νq3,ν
−C4,k (q1 + q2 + q3)µq2,µ q1,νq3,ν
−C5,k (q1 + q2 + q3)µq1,µ q23
+C6,k [(q1 + q2 + q3)µq1,µ]
2
+C7,k q
2
1 q
2
3
+C8,k (q1 + q2 + q3)
2q21
}
× πi(−q1 − q2 − q3)πi(q1)πj(q2)πj(q3)
+V
∑
q1,q2
yψ¯(q1)Φ5(q1 − q2)ψ(q2). (B1)
Isospin indices i and j appearing twice are summed over.
They replace the inner products in lines three to seven
of Eq. (20).
The regulators Rk as a function of the internal mo-
mentum q, typically Rk(q
2) for bosonic and Rk(q) for
12
fermionic fields, have to fulfill the requirements
Rk → 0 for k → 0, (B2)
Rk →∞ for k → Λ→∞, (B3)
Rk > 0 for q → 0, (B4)
Rk → 0 for q →∞. (B5)
In this way, the high-energy modes (q2 ≫ k2) are succes-
sively integrated out by lowering the scale k. For the soft
modes (q2 ≪ k2), in contrast, the regulators generate an
additional mass contribution. This leads to an exclusion
of these modes from the integration process.
For our analysis we take exponential-type regulators
[28, 62–65], namely,
Rσk
(
q2
)
= Z σk q
2rB
(
q2
k2
)
, (B6)
Rpik
(
q2
)
= Z pik q
2rB
(
q2
k2
)
, (B7)
Rψk (q) = −iZ ψk γµqµrF
(
q2
k2
)
, (B8)
where the bosonic and fermionic shape functions rB and rF are
rB(x) =
1
exp (x2)− 1 , (B9)
rF(x) =
√
1 + rB(x) − 1. (B10)
Acting now with the derivatives on Γk and using the diagrammatic representations from Eq. (15), the flow equations
for the effective potential Uk, the wave-function renormalizations Z
σ
k , Z
pi
k , and Z
ψ
k , as well as the higher couplings
C2,k, Z2,k, and C3,k, . . . , C8,k take the form
∂kUk = V−1∂kΓk = V−1

 12
σ
+
1
2
π
−
ψ

 , (B11)
∂kZ
σ
k = V−1
d
dp2
∣∣∣∣
p2=0
δ2∂kΓk
δσ(−p)δσ(p)
= V−1 d
dp2
∣∣∣∣
p2=0

12
σσ
σ σ
σ
3 3 +
1
2
ππ
σ σ
π
3 3 −
ψψ
σ σ
ψ
3 3

 , (B12)
∂kZ
pi
k = V−1
d
dp2
∣∣∣∣
p2=0
δ2∂kΓk
δπ1(−p)δπ1(p)
= V−1 d
dp2
∣∣∣∣
p2=0

 12
σσ
π π
π
3 3 +
1
2
ππ
π π
σ
3 3
−
ψψ
π π
ψ
3 3 − 1
2
4
π π
π π

 , (B13)
∂kZ
ψ
k =
i
4
V−1 d
dp2
∣∣∣∣
p2=0
trγ
[
δ
δψ¯(p)
∂kΓk
←−
δ
δψ(p)
γµpµ
]
i
4
V−1 d
dp2
∣∣∣∣
p2=0
trγ



 12
σσ
ψ ψ
ψ
3 3 +
1
2
ππ
ψ ψ
ψ
3 3
13
−
ψψ
ψ ψ
σ
3 3 −
ψψ
ψ ψ
π
3 3

γµpµ

 , (B14)
∂kC2,k =
1
2
V−1 d
dp2
∣∣∣∣
p2=0
δ4∂kΓk
δπ1(p)δπ2(−p)δπ1(0)δπ2(0)
=
1
2
V−1 d
dp2
∣∣∣∣
p2=0


− 1
2
4
3 3
π π
π π
σσ
ππ
− 1
2
4
3 3
π π
π π
ππ
σσ
+
1
2
4 4
π π
π π
σσ
σ
+
1
2
4 4
π π
π π
ππ
π
− 1
2
3
3 4
π
π
π
π
σσ
σπ
−1
2
3
3 4
π
π
π
π
ππ
πσ
− 1
2
3
4 3
π
π
π
π
σσ
πσ
− 1
2
3
4 3
π
π
π
π
ππ
σπ
+
1
2
33
3 3
ππ
π π
σσ
σ
ππ
+
1
2
33
3 3
ππ
π π
ππ
π
σσ
− 33
3 3
ππ
π π
ψψ
ψ
ψψ


, (B15)
∂kZ2,k =
1
4
V−1 d
dp2
∣∣∣∣
p2=0
δ4∂kΓk
δπ1(p)δπ2(0)δπ1(−p)δπ2(0) =
1
4
V−1 d
dp2
∣∣∣∣
p2=0
(
same diagrams as in Eq. (B15)
)
, (B16)
∂kC3,k =
5
576
{
− 208
5
∂kC5,k + 112 ∂kC6,k − 32 ∂kC7,k + 224
5
∂kC8,k + V−1
[
∂
∂p1,µ
∂
∂p2,µ
∂
∂p3,ν
∂
∂p1,ν
− 7
10
∂
∂p1,µ
∂
∂p2,µ
∂
∂p3,ν
∂
∂p2,ν
]∣∣∣∣
p1=p2=p3=0
δ4∂kΓk
δπ1(p1)δπ2(p2)δπ1(p3)δπ2(−p1 − p2 − p3)
}
, (B17)
∂kC4,k = − 2
576
{
16 ∂kC5,k + 400 ∂kC6,k − 32 ∂kC7,k + 160 ∂kC8,k + V−1
[
∂
∂p1,µ
∂
∂p2,µ
∂
∂p3,ν
∂
∂p1,ν
−5
2
∂
∂p1,µ
∂
∂p2,µ
∂
∂p3,ν
∂
∂p2,ν
]∣∣∣∣
p1=p2=p3=0
δ4∂kΓk
δπ1(p1)δπ2(p2)δπ1(p3)δπ2(−p1 − p2 − p3)
}
, (B18)
∂kC5,k =
1
96
V−1
[
∂
∂p2,µ
∂
∂p2,µ
∂
∂p2,ν
∂
∂p3,ν
−1
2
∂
∂p2,µ
∂
∂p2,µ
∂
∂p2,ν
∂
∂p2,ν
]∣∣∣∣
p2=p3=0
δ4∂kΓk
δπ1(−p2 − p3)δπ2(p2)δπ1(p3)δπ2(0) , (B19)
14
∂kC6,k = − 1
96
{
− 160 ∂kC5,k − 64 ∂kC7,k + V−1 ∂
∂p2,µ
∂
∂p4,µ
∂
∂p2,ν
∂
∂p4,ν
∣∣∣∣
p2=p4=0
δ4∂kΓk
δπ1(−p2 − p4)δπ2(p2)δπ1(0)δπ2(p4)
− 1
12
V−1 ∂
∂pµ
∂
∂pµ
∂
∂pν
∂
∂pν
∣∣∣∣
p=0
δ4∂kΓk
δπ1(−p)δπ2(0)δπ1(p)δπ2(0)
}
, (B20)
∂kC7,k = − 1
384
V−1 ∂
∂pµ
∂
∂pµ
∂
∂pν
∂
∂pν
∣∣∣∣
p=0
δ4∂kΓk
δπ1(−p)δπ2(p)δπ1(0)δπ2(0) , (B21)
∂kC8,k =
1
96
{
− 160 ∂kC5,k − 64 ∂kC7,k + V−1 ∂
∂p2,µ
∂
∂p4,µ
∂
∂p2,ν
∂
∂p4,ν
∣∣∣∣
p2=p4=0
δ4∂kΓk
δπ1(−p2 − p4)δπ2(p2)δπ1(0)δπ2(p4)
− 5
24
V−1 ∂
∂pµ
∂
∂pµ
∂
∂pν
∂
∂pν
∣∣∣∣
p=0
δ4∂kΓk
δπ1(−p)δπ2(0)δπ1(p)δπ2(0)
}
, (B22)
where p or pi with i ∈ {1, 2, 3, 4} denote the external
momenta and the diagrams on the right-hand side repre-
sent the sum of all possible permutations of the external
legs. From Eq. (B17) on we omitted the diagrammatic
interpretation of the flow of the four-pion vertex. In the
flow equations for C3,k, . . . , C8,k, the structure of the
diagrams remains unchanged, as we also indicated in Eq.
(B16). Only the configuration of the external momenta
is different.
The propagators of σ and π are highlighted in blue
and red, respectively. This further applies to the regu-
lator insertions each carrying a particular wave-function
renormalization, cf. Eqs. (B6) – (B8). The black fermion
lines are provided with a specific direction.
Let us remark that the four-point vertices with two
external σ legs, which one would expect in the equation
for Z σk , do not contribute as they are p independent.
The same holds true for the four-point diagram with two
external pion legs and a σ looping around. This would
be part of the flow equation for Z pik . Five- and six-point
vertices on the right of Eqs. (B15) – (B22) are omitted.
As an alternative to the differential equations for the
wave-function renormalization factors we could also have
presented the anomalous dimensions ησk , η
pi
k , and η
ψ
k ,
since
ησk = −k ∂k lnZ σk , (B23)
ηpik = −k ∂k lnZ pik , (B24)
ηψk = −k ∂k lnZ ψk . (B25)
We partly derived the flow equations by hand and
additionally used the Mathematica packages FeynCalc
[66, 67], DoFun [68], and FormTracer [69].
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